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Abstract  
A recently introduced membrane rheometer consisting of a sample cell covered with two Lorentz force actuated membranes is 
modeled using a spectral Fourier transform method yielding a semi-numerical solution. This solution presented here efficiently 
delivers valuable properties like frequency responses, penetration depths of shear waves, and power dissipation regimes. 
Furthermore this novel concept enables the designer to simulate the behavior of the system under varying setup parameters in 
order to obtain an optimum setup for the given measurement problem. 
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1. Introduction  
 The presented sensor fills the gap between commonly used thickness shear mode quartz resonators, which are 
working at frequencies in the lower megahertz range at shear displacements in the nanometer range, and traditional 
oscillating laboratory viscometers, which are working in the lower hertz range at shear displacements in the 
millimeter range. It was shown [1] that results obtained with a TSM setup show larger deviations from results 
obtained with laboratory viscometers if non-Newtonian fluids are considered. This discrepancy is partly explained 
by the low agitation of the measured liquid with these micro-rheometers. The presented resonant sensor works 
within the lower kilohertz range providing shear displacements in the micrometer range. These parameters promise 
to yield results comparable to those obtained with laboratory equipment [2]. In Fig. 1 the sensor with a sample cell 
volume of 5.6 x 12 x 1 mm³ and its cross section are shown. The cell is sealed by two 52µm thick PMMA foils 
carrying separate conductive metalized paths for excitation and readout. An external magnetic field (B) provided by 
a permanent magnet and the current driven through the excitation path produce Lorentz forces which are deflecting 
the membranes. The inductively measured membrane deflection velocity depends amongst other parameters upon 
the density and the shear viscosity of the liquid under test. A model describing the relation between the rheological 
parameters of the liquid and the resonance behavior of the readout voltage has to be found. Due to the different 
characteristic length scales involved (e.g. shear waves can feature attenuation lengths as small as 10µm), the 
problem can not be treated efficiently using finite element methods. Thus previous simulations were based upon 
approximate potential flow solutions corrected by scaled shear wave solutions to comply with the proper boundary 
conditions [3]. Compared to that approach, the semi-numerical approach presented here delivers valuable properties 
like frequency responses, penetration depths of shear waves and power dissipation regimes more efficiently. Further, 
relations between the resonance behavior and geometrical parameters are investigated by means of the Q-factor. 
Another purpose of the simulation is to determine how material and geometrical parameters (like membrane 
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 thickness or the fluid sample cell height) have to be set to achieve maximum sensitivity within the required viscosity 
range. 
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Fig. 1. (a) Schematic and photograph of the sensor; (b) Cross section of the sensor with excitation forces F. The length of the sensor cell in z 
direction is 12mm. 
2. Modeling of the membranes and the fluid cell 
The membranes are modeled assuming visco-elastic material behavior described by the Voigt-Kelvin model [4] 
yielding the following partial differential equation of 2nd order 
 
(1) 
 
   
     In Eq. 1 u and ρs denote displacement vector and volume density. To describe the stiffness of the membrane 
material we utilize Lame’s constants μs and λs. The losses are modeled by shear and volume viscosity coefficient μ's 
and λ's. The fluid layer is described by linearizeda Navier Stokes equations utilizing coupling of liquid density ρs and 
pressure by the adiabatic compressibility coefficient ζ [6]. The obtained partial differential equation reads 
     
 (2) 
 
 
 The parameters μ'f  and  λ'f  denote shear and volume viscosity of the liquid under test.  
3. The spectral domain method in 2D 
 Considering the geometry and the excitation, we conclude that the main variations of the fields will occur in the 
x-direction. Therefore, in order to understand the basic behavior of the device, a 2D approximation is made 
neglecting variations in z-direction. The problem represents a layered structure which can be efficiently modeled by 
applying a temporal Fourier transform in the lateral direction (x in our case) [7]. However, this requires that all 
involved layers are infinitely extended in the lateral direction. We can approximate our original problem by 
extending the layers infinitely in x-direction and considering a periodic solution featuring displacement nodes at the 
x-boundaries (cell walls) of our original problem. Doing so, we obtain a representation for the spectral domain fields 
in the liquid and in the membranes  
 
                  (3) 
 
 
a The linearization is possible as oscillating particle movement with displacement amplitudes smaller than the occurring 
characteristic wavelengths are considered [5]. 
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 where the vectors ψs,f denotes a reduced set of field variables and the tilde (~) denotes spectral domain quantities, 
ux,y and Txy and Tyy are displacements and components of the stress tensor, respectively. These first order differential 
equations in y can be solved by 
    (4) 
 
 
with vi denoting the ith eigenvector according to the eigenvalue λi obtained from matrix As or Af . The constants 
c1 …c4 have to be found for both layers by imposing interface and boundary conditionsb. Substitution of the 
constants into the principle solutions for membrane and fluid (Eq. 4) yields the field variables within the whole 
sensor within the spectral domain. Transformation into the temporal and spatial domain is applied by means of an 
inverse Fourier transform. In Fig. 2 the simulated displacement fields for two different excitation modes with acting 
Lorentz forces are shown.   
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
Fig. 2. (a) Simulated displacement field with displacements in meter. Lorentz forces – indicated by arrows – produce anti-symmetric membrane 
deflection; (b) Simulated displacement field for symmetric excitation.  
4. Optimization of the Setup  
 
     The semi-numerical model was calibrated with experimental results obtained with the current setup testing 
aqueous glycerine solutions of different mixture ratios [8]. The simulation shows that the resonance frequency 
strongly depends upon the density and viscosity of the fluid while the Q-factor of the resonance curve varies with 
the shear viscosity of the liquid under test, showing little dependency upon the liquid density. The effect of the 
volume viscosity coefficient λ'f causing damping of compressional waves turns out to be negligible. From the 
experimental results it can be seen that the Q-factor of the resonance curve within air is limited to 16 which is 
mainly caused by damping within the membranes [8]. The Q-factor is also proportional to the ratio of stored energy 
to power loss in the sensor. Thus, to achieve high sensitivity to viscosity, the change of the power dissipation within 
the liquid has to be considerable compared to the power dissipation in the membranes. Nevertheless, if the 
dissipation within the liquid it too high, no resonance peak can be observed and the common method of analyzing 
the Q-factor and the resonance frequency does not apply. A corrective measure is provided by changing the height 
of the sample cell to adjust the relation between stored and dissipated energy. Another method to adjust the 
measurement range online is to modify the excitation mode of top and bottom membrane by inverting the excitation 
current driven in either one of the membranes. In Fig. 2 the two principle excitation modes (ant-symmetric and 
symmetric) with the imposed Lorentz forces are depicted, showing strongly differing field variables. The power 
dissipation can be increased drastically in the symmetric excitation mode – see Fig. 2(b) – providing better 
sensitivity to liquids exhibiting low viscosity coefficients.  In Fig. 3(a) the resonance frequency of the sensor versus 
 
b In fact, the thin elastic layers can be more efficiently represented by associated propagator matrices, which, however is not further 
discussed here (see [7]).   
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the liquid density is shown. The change of the excitation mode does not improve sensitivity upon density but a 
change of the sensitivity to shear viscosity can be observed in Fig. 3(b). By decreasing the height of the sample cell, 
the curves are qualitatively shifted as indicated by arrows.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 3. (a) Resonance frequency versus liquid density for the two different excitation modes; (b) Q-factor versus shear viscosity for both 
excitation modes. The sample cell height is 1mm. Arrows indicating how the curves are qualitatively shifted if the height of the sample cell is 
reduced. 
5. Conclusion 
The sensor, which is cost-effective in fabrication, may be used as a disposable device like needed in biomedical 
analysis. Compared to immersed TSM-quartz sensors, the described sensor provides higher shear displacements 
which makes it suitable for complex liquids with significant relaxation time constants [3]. Changing the sample cell 
height or the membrane material allows adjusting the sensitive measurement range according to the requirements. 
Switching the excitation mode enables the sensor to measure liquids exhibiting very low to very high shear 
viscosities. Although the sensitivity to shear viscosity is shown to be acceptable for the prototype, new materials for 
the membranes – providing less damping – will be tested in the future to achieve higher sensitivity. 
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